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Abstract. This paper considers the problem of optimal assignment of slack due-dates to n jobs 
and sequencing them on a single-machine to minimize a penalty function depending on the 
dues of the assigned slack allowance and maximum job tardiness. It is shown that the result 
given by Cheng [2] on this problem is incorrect and we give the correct answer to this problem. 
PROBLEM FORMULATION 
LetN={1,2,..., n} be a set of n independent jobs simultaneously available to be processed 
on a single machine under the common assumptions in Baker [l]. Associated with each job i 
are pi and di as processing and due-date, respectively. According to the common slack due- 
date assignment method (SLK), we have di = pi + k Vi E N, where k is a slack allowance 
common among the jobs. Let n be the set of all n! permutations of n jobs. Denote [i] to 
be the ith job in a sequence cr E n, then Cfil and T[il = (Cfi) - dLil)+ are completion time 
and tardiness of job i in u respectively. The problem is to find an optimal job sequence Q* 
and an optimal slack allowance k’ that jointly minimize the penalty function given by 
z(u, k) = ak + l~,yn T[il 
-- (1) 
where o 2 0 is the cost per unit time of slack allowance. 
This problem was considered by Cheng [2] and he gave the following results (theorem 1, 
corollary 1) which are direct consequences of the results given in Lawler [3]. 
THEOREM 1. Given an arbitrary n/l// maxiy(Ci - di) scheduling problem, where 7 is a 
nondecreasing function, there exists an optimal job sequence in which the jobs are in the 
earlie& due-date (EDD) order. 
COROLLARY 1. For any given k, Z(b, k) is minimized by sequencing jobs in nondecreasing 
order of due-dates. 
Since for any u E n we have d[il = p[i] = k, qil = (C[il - d[i])’ = (C[i-11 - k)+ with 
Cc = 0 and maxl<i<, T[i) = (C[,_r] - k)+ and using of corollary 1, then to find an optimal 
slack allowance to$enalty function Z(a, k), we need only to consider an EDD sequence for 
all possible k. Now let the jobs be renumbered according to EDD order, i.e., i 5 j iff di 5 dj, 
Vi, j E N. Thus the maximum penalty occurs on rnaxieNTi = T,, = (C,_l - k)+ and we 
have 
rn? Z(EDD, k) = rnin {ak + max (0, C,,_r - k}} 
ok if k 2 C,,_l 
= rnin (2) 
(cr-l)k+C,_r ifk<C,,_r 
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In Cheng [2], Z(EDD,L) was concluded to be equal to 
Z(EDD, k) = c& + (&_I - Ic)+ = {(a - l), + &_I}+ (3) 
of course the second equality of (3) is not true, and he concluded from (3) that Z(EDD, k) 
can be minimized by assigning the optimal slack allowance k* as follows: 
{ 
0 ifa>l 
k* = z E (--oo,ccJ) ifa=l yielding Z(EDD, k*) = Cl_: 
uE{*,co} ifOlal1 { 
c_ 
(4 
0 
this result is not true either, as the following example shows. 
Example 1: Let pi = i for i = 1,2,3 and a = 3 then dl = 1 + k, d2 = 2 + k, d3 = 3 + k. 
Obviously, c = (1,2,3) is the EDD order. According to (4), any k’ E (++) = (6900) 
and 2 = 0 is optimal answer to (1). Let k’ = 10 then Z(EDD, 10) = 5 +max{O, 3-10) = 5, 
which is obviously not equal to 0, and it is not the optimal answer either. In fact, the answer 
for this problem is k* = C,,_l = 3 and Z(EDD, k*) = $‘,,_I = %. 
Now we give the following proposition which solves the problem. 
PROPOSITION 1. The penalty function (1) is minimized by the following rule 
if Ly = 1 + k’ < C,,_l and Z(EDD, k”) = 17,,_~ 
G-l 
ifo > l=+ k* = - 
1-CY 
and Z(EDD, k*) = 0 
if 0 5 CK < 1 j k’ = C,_l and Z(EDD, k’) = crC,_1 
PROOF: To prove the proposition, we use graph of the function Z(EDD, k) with the variable 
k in (2). Figure 1 (a), (b) and, (c) are the graphs of Z(EDD, k) for LY = 1, cy > 1 and 
0 2 Q < 1, respectively. Now the desired result is easily can be seen from the graphs. 
Figwe l(a). 
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Figure l(b). 
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Figure l(c). 
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